Jeremy Kilpatrick on Polya — An interview

Henrique Manuel Guimaréaes
hmguimaraes@fc.ul.pt

Some notes about the interview

In February last year, | had the opportunity tatwise University of Georgia for three months,
during my sabbatical leave, to do some researcandnstudy of George Pdlya with the support
and collaboration of Jeremy Kilpatrick. 1 was mgirdoncerned with Pdlya’s ideas about
mathematical discovery and activity, about probleolving and its teaching, and about
mathematics teaching in general.

In fact, | chose the College of Education at UGAqsely because Jeremy Kilpatrick was there. |
knew from previous talks with him and from his watkat he was a student of Poélya’s at
Stanford University, and early in his academic earead been Pdlya’s assistant and collaborator.
He was one of the very first people | thought afdaidance and collaboration for the work that |
wanted to carry out. | thought that his first-hangberience with George Polya was valuable, not
only for understanding Pdlya in another way bub dts getting vivid testimony from one who
had worked with him. So, | was very interestedearifrom Kilpatrick about his direct and living
experience with Polya.

| interviewed Kilpatrick in April, twice in the‘--
same week, just after his doctoral class on
Advanced Study of Mathematics Curriculur
that | also attended, which ended at 14h. F
the conversation, we agreed to meet at | |
room 502 in Aderhold Hall, which was in th
same hallway as Kilpatrick’s office and almo:
opposite. That room was kindly placed at n |
disposal during my stay by the Departmen
Mathematics and Science Education.

The talks went very well, in a smooth a
fluent way, with both about 50 minutes lon
Kilpatrick was very attentive and with grea
openness - and patience - tried to answer mS/K
guestions, which were not always well
formulated.

ilpatrick, after the interview Aderhold Hall, room 502, April 22,2010

The following text comes from transcripts of theotuaterviews in their original sequence. Some
pieces of the transcripts were excluded for texhemy and global unity, and some corrections
were made to avoid excessive repetition and torfavbetter reading. However, | tried to keep
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the informal and colloquial tone of the conversati&ilpatrick read and reviewed the final
version of the text, giving me help in some of timées | decided to include. | am thankful for his
gentle and careful assistance.

Kilpatrick begins by telling how he came to ‘fif@leorge Pdlya, and how he decided to go to
Stanford University where Pdlya was, first being biudent in an academic year institute, and
then being his assistant in the following institf@patrick gives us some flavor of how Polya
used to teach problem-solving courses in thoséubess - "by far the most interesting [ones]" -
with some examples and interesting details.

The interviews came to focus mainly on problem isghand the teaching of problem solving,
but also on teaching in a broader sense. Kilpasrislarmly spoke of how influential it was to be
in Polya’s classes - "l saw problem solving in Hiedlent way" - and how Pdlya also influenced
him as both a teacher and a person: "I never hadcer who was as influential on my way of
thinking about teaching and being a human being Bdya.”

Jeremy Kilpatrick: a brief biographical note

Jeremy Kilpatrick is, since 1993, the Regents RBsife of Mathematics Education at the
University of Georgia, Athens GA, in the United t8saof America, where he currently teaches
master’s and doctoral courses on curriculum andcesearch. He jointed the College of Education
in 1975, and before that he taught at Teachere@allColumbia University, as Assistant (1967-
70) and Associated Professor (1970-75).

Jeremy Kilpatrick graduated in mathematics at tméversity of California at Berkeley (1957),
and received his Master’s degree in education ftben same University (1960) while he is
teaching in a junior high school in Berkley (195F:6Early in the 60's, he went to Palo Alto,
California, and received from Stanford Universitpother Master's degree, this time in
mathematics (1962), and a doctorate degree in maties education (1967). While at Stanford
University Jeremy Kilpatrick attended George P&yséminars on problem solving, and became
his assistant. George Polya was in his PhD diggarteommittee.

Doctor Honoris Causa from Gothenburg UniversitySweden (1995), Jeremy Kilpatrick is a

widely, nationally and internationally, recognizezhder in mathematics education. He taught
courses in mathematics education at several Eunoped Latin American universities, and has
received Fulbright awards for work in several comst namely, Colombia, New Zealand, Spain,
and Sweden.

In 2003, Jeremy Kilpatrick was honored with theetifhe Achievement Award for Distinguished
Service to Mathematics Education received from thdational Council of Teachers of
Mathematics. More recently, in 2007, Jeremy Kilgktrreceived from the International
Commission on Mathematical Instruction the Felixeildl Medal, honoring lifetime achievement
in mathematics education.
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Henrique Guimardes — | think that one way to bdgito begin before [your stay at] Stanford.
How did you ‘find’ Pélya?

Jeremy Kilpatrick — Well, the first contact | haghich was... — and actually | didn’t know that

it was from Pdélya — [it] was when | was in my fingar of secondary school, and there was that
Stanford mathematics exam[inatibnit that time, if you did well on that examinatigou got a
scholarship to Stanford. Later they decreased tizeg but at that time | am pretty sure you got
a scholarship if you did well. And so | took theaexin my senior year. And | had never taken an
exam like that in school at all. It was three hoarsd | believe the year | took it there were only
three questions, but some times there were foungsmes even five. But to spend that much
time on one problem was something | had never dpné.But it was my first contact with
something... related to Pdlya. And then... before | twenBerkeley, | was for two years in a
junior college in California, Southern Californip..] 1 went to Chaffey College, which is a
junior college, two years, [and] | took coursest thidlowed me to transfer to Berkeley. While |
was still at Chaffey, | remember going to a larg@paltment store and seeing this book called
How to Solve ft and I...

HG — It was in nineteen?...

JK — It would be nineteen ... fifty ... three, probabbr possibly fifty-four. | graduated from
Chaffey in fifty-four. So it was fifty-three or tiy-four.

HG — And you were studying mathematics?

JK — | was taking mathematics courses, studying
mathematics preparing to— ... At that time then | had
decided to go to Berkeley, so | was preparingaadfer

| to Berkeley. And | found this book in the storewias

| just on the shelves in a ... in a store in a cityrbgalt
was a big department store that had a book sedtion.
went into the book section, and | fouHdw to Solve It.
Not the paperback, but the hardback, the Princeton
the original Princeton [University Press edition].

HG — Do you still have it?

J. Kilpatrick with is How to Solve It 1st edition Aderhold

JK — 1 still have it; | still have it, yes, yes. $oead that
Hall, room 502, May 9, 2010.

book, and | thought “such a wonderful book”. | didn
know [it] was connected to the examination. | didn’
know that, but | was interestedtow to Solve It.

HG — Let me interrupt you just to talk abddow to Solve It.You picked up the book; you read
the book, and as you have just said “that's a weofuldook” (JK — Yes) What made you say
that?

! The Stanford University Competitive Mathematicsafination was a competition at Stanford Univergityhigh
school seniors modeled on the well known HungaEétvds Contest. George Pdélya and his colleaguefraartl
Gabor Szego started the Stanford competition ir6,184d it was given annually until 1965.
2 How to Solve It: A new aspect of mathematical ne(fRdlya, 1945). This book was published in Portsguia
Brasil (P6lya, 1977), and in Portugal (Pélya, 2003)
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JK — Because for someone who is trying to do mattes) it has, | think, such good
suggestions, such good ideas. It comes from Pdlya’s

HG — [Good ideas] to do mathematics?

JK — Yeah. It comes from Pdlya’s experience asaaher trying to help someone else learn how
to do mathematics, and so it has a lot of good estguns.

HG — Suggestions to do mathematics?
JK—-To do ... to solve problems.
HG — Why do you say they are good?

JK — Because they are good suggestions. They afelu$ you, if you—. | think they are
difficult to learn. | mean, one of the issues tbaines up later is [that] ... ... Alan Schoenfeld
argues that these [suggestions] are too genesdlthhy are too difficult to teach, and that they
are not specific enough for ... programming a machingolve problems. But | would argue that
if you see enough examples of how these heuriston®, you gradually come to adopt them in
your own problem solving. And you can see ... you saa how they would operate, and Pélya
gives a lot of examples of that. ActualMathematical Discovefyincludes even more examples
— [Pdlya’s] bookMathematical Discovery— and | learned all about that later. But everhwit
How to Solve It,which has ... fewer examples of the kind of problefinem] secondary
mathematics, eveklow to Solve Ifgives a lot of good advice on ways of how to thatlout
problems.

HG — At that time you still had the idea to majomathematics?

JK — Yes. Well, | was just beginning to think | wdumajor in mathematics. | wasn’t sure when |
went to Berkeley that | would, but | decided—. taken so many good mathematics courses in
my first two years at Chaffey that | had more mathgcs then anything else, and | enjoyed it.
So, | knew | was going to be a teacher, and—.ediksychology, and I think that's why some of
what Pélya was saying iHow to Solve Itvas in a way psychological. And so the combinatibn
psychology and mathematics was interesting to nimally decided to major in mathematics,
and | found Polya’s book really quite helpful ininking about mathematics, and doing
mathematics.

HG — That's interesting because this book is [dfteeen as directed to the teaching of
mathematics.

JK —Yes, [but] I didn’t think about it that waywas not thinking about teaching.
HG — At that time.

JK — No. Although in my last two years before Idwated at Berkeley, | was thinking about ...
obviously becoming a teacher, becoming a mathemad&acher. And | got a job teaching
mathematics in the Berkeley schools, teachingjumeor high school, [grades] seven-eight-nine.
And | taught science, and | taught mathematics. thah | could see how useful Polya’s ideas

3 Alan H. Schoenfeld, professor at the Graduate SlabfoEducation, University of Califérnia, Berkley.
* Mathematical Discovery: On Understanding, Learnamy Teaching Problem Solvingol. | & vol. 2 (Polya, 1962
&1965; 1981, combined edition).
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were for teaching. But before that ... my first attian to Polya was more about the learning of
mathematics and learning how to do mathematics.

HG — How to solve problems...

JK — Yeah. So, when | was at Berkeley — | don’t\wnehich year it was either, but it probably
was fifty-five or fifty-six, | don’t remember — mgopommate who went on to become a doctor, a
medical doctor, he was a freshman. And he wasdakioourse in mathematics, and Pdlya was a
guest speaker. And then of course | knew the nadihgaPso when he told me that they were
going to have Polya come into to their class ané gome lectures—

HG - You went there...

JK — 1 went there. It was my first opportunity teeshim give a lecture, and he was very good. |
don’t remember the topic; | don’t remember that.

HG — There is anything special you can recall?

JK — No, I can’t recall. | know | went there, thatll | know. And that was what, that was what
... encouraged me to go to Stanford. | mean—. Wedlred were several things. One is [that] ...
while... ... in one of the years | was teaching at Béxl, they had a summer institute. The
General Electric Company had a summer institut&Stanford and | went for that summer
institute. Pélya was not teaching that summer] bhink that | got to know him there.

HG — But you haven’t met Pdlya there?

JK — I am not sure. | don’t really remember. | knleevwas there; | knew he was there. | decided
after teaching some time in Berkeley that | waritedo back [to Stanford] and get an advanced
degree. | was getting a master’s degree [in edudadit Berkeley, but | wanted to get a doctoral
degree and become a teacher educator. [...] Andtlsought, “Well, maybe I'll go to Stanford
instead because Pélya is at Stanford, and because Stamdidravhat was called in those days an
academic year institute. This was a National Sadfaundation program which allowed you to
go ... to spend an entire year studying with somebédyg Polya was going to be ... giving the
main class as part of that academic year institutenk that there were three classes that we all
took, but Pdlya gave the most interesting one.

So | applied for that institute, and | also applfeda summer [NSF-supported] internship. So |
went to Stanford ... the summer before the academér pegan in September. | finished my
master's degree in Berkeley, which was about probsolving actually, but word problem

solving, the difficulty of word problem solving. B didn’t really make much use of Pdlya, [of]

Pdlya’s ideas.

But | went to Stanford and started work on a mé&stdegree in mathematics. [...] | got a
fellowship to study mathematics in the summer,lsthidied mathematics in the summer, and
then when the fall term began | studied in the and@d year institute with Polya. And that was

® After getting his master’s degree in educatioBetkeley, Jeremy Kilpatrick, as he told me, thougiwut going to
Yale to get a doctorate in education — “I'd likémIthinking about going to Yale, where Ed Begle, ise said —
but a former teacher of his at Berkeley told himttlat that time, Yale had no program in education.

Edward Griffith Begle (1914 — 1978) was mathematicat Yale who led the School Mathematics Studyu@ro
(SMSG) — the largest New Math project in USA — fritsmbeginning in 1958 until its end in 1972. Hal&8MSG
moved to Stanford in 1961, Jeremy Kilpatrick waseatly there, and Ed Begle came to be Kilpatrickaam
professor for his doctorate; Pélya was on his dia§en committee.
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my first introduction to Polya as a teacher of arse. So he taught that course all year, and then
— | think it was the following year; yeah, it walset following year — they offered another
academic year institute, and | became his assifiatitat.

HG — After the course?

JK — Yeah. After one year of taking the coursenthevas the assistant for the course. | graded
the papers and did that sort of thing.

HG — That course was on problem solving?

JK — Yes, it was a course was on problem solvirggilllhave the notes from it. Actually a lot of
the ideas in that course eventually were incorgorahto Mathematical DiscoveryThe two
volumes ofMathematical Discoveryvere written from Pdélya’s experience in puttingether
this academic year course. He used a lot of prabfeom the Stanford competitiarBy the way,
when | was at Stanford, | had the experience okmgrthe competition. ... So I took it when |
was in high school, and then | marked it when | a&aStanford to help Polya. Then, eventually,
it was Jim Wilson’§idea, Jim said, you know, that all those Stanfosthematics exams should
be collected. So we collected them. We put thetién[The Americar) Mathematical Monthf;
but they didn’t want the solutions. They figureattleverybody who reads tivonthly can solve
them. We put them in the Monthly, but we put thethiand the solutions in the bdok did it
after | left Stanford, but that was a project trestlly began at Stanford.

HG — Let me ask you one thing. You have used thésw®0lya [gave] the most interesting
course.”

JK - Yes, yes, it way farthe most interesting course.

HG — By far(JK — Yeah).How can you describe it, focusing in the content &igso in the
teaching?

JK — It was actually called a seminar, and the eanbf the seminar was really ... problem
solving. It was really to illustrate problem solgiand to show different techniques for problem
solving pretty much along the lines the way it iganized inMathematical Discovery... There
were a number of issues. ... It was very interestinge to be in Polya’s course, and then to help
with the course and to watch Polya teach. | hadyman

opportunities. Also | took a number theory cournsmanf
him later.

HG — Number theory.

JK — Number theory. | took a number theory course
from him later. And there are a number of thingat th

Cover of Freshman Seminar on Problem solving (1966)
(From Jeremy Kilpatrick personal archive)

® See footnote 1.
" James W. Wilson, professor of Mathematics Edunatisstill a colleague of Jeremy Kilpatrick in the fizetment
of Mathematics and Science Education at the Unityersf Georgia — was also a former student of P&iya
Stanford University (from which he received his PinDMathematics Education) and, by that time, wiésnaing the
mentioned Pdlya’s problem solving seminar.
8 Polya, & Kilpatrick, 1973.
° The Stanford Mathematics Problem Book, with himtd solutions(Pdlya, G. & Kilpatrick, J., 1974). This book
was more recently published by Dover (Pdlya, G. i#trick, J., 2009).
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were so interesting because ... by that time | haxuh lseteacher in a school for three years, and |
knew something about teaching. So, when | wassrchass, | was looking at him not only as my
teacher but as somebody—. | was trying to undedskas teaching. So, for example, one of the
things he did a lot was to ... to act, to pretendlidenot know the solution to the problem. So he
would say, “What should we do? What should we &yeR”, and he would ask the students for
their ideas. And | was interested because of cobes&knew what the solution was, but he
pretended he didn’t know what to do next and [thatheeded some ideas, he needed some help.
He always talked about “inside questions” and “mlggjuestions”. Inside questions are questions
that could occur to you, outside questions arefikdy don’t you set this equal to zero and than
integrate both sides?”, you know (laughing). But][aside question is something that could
occur to you like “Could | think of a simpler casé¢€ould | try something— what about an
extreme case?”.

So, those kinds of heuristic questions were thihgs he would try to get us to ask. And if we
couldn’t come up with an idea, he would try to askinside question that would move the whole
process forward. So he was really ending up ... goaiproblem to us and solving the problem
with us, but trying to push us. ... [To] convince us ttvedhe problem ourselves.

| remember things that struck me. One was the pée@ever went faster than the slowest person
in the class. All of us in the class were teacheas, been teachers, and there were several people
in the class who really struggled with the matheecsatSo it was interesting to me to watch him
teach a group of people where some people werengaéry slowly. And in the seminar, as |
say, he never moved faster than the slowest pe&ame teachers move at the rate of middle
[ability] students; some teachers move at the oatine fastest students, [and] leave everybody
behind. But Pdlya always moved at the rate of g@pfe who were ... the slowest. ...

| remember that in the number theory course—. Tumbrer theory course was a different kind of
course [than the problem-solving seminar] becansaldition to some of us who were teachers
in that course, | think most of the people werenftal undergraduate math majors. Pdlya taught
that number theory course in a very basic way. \devdry elementary things — on rules for
divisibility, and proving basic theorems, and sdtic— very slowly. And it was very upsetting to
some of those students. They wanted to know whyde’'t move faster. We didn’'t move as
quickly through the ideas of number theory as allegnstructor might have done. But Pélya’s
whole approach was to make sure that everybodyrstudel everything we were doing and to
move no faster than the class could keep up. AmehEn’t boring. | found it really interesting.
[...] We didn’t take up as many topics in number tlyeas a typical course would do, because
Pdlya moved at a slower rate — an interesting rate,a slow rate. And that | found very
interesting because it was an experience that Inoachad. | had math professors at Berkeley
who went like crazy. All of us in the class wouitlthere, and try and take notes, and go home
and try to figure out what had happened in thescldsd we had not followed anything. But
Pdlya was not like that at all. You came out ofy@@ class understanding everything that had
happened.

HG - Going back to the problem-solving seminar, ikiad of problems were most used?

JK — Mostly the kinds of problems the one findshe Stanford Mathematics Problem Bddk
Some of the problems were geometry problems; sdrtteem were algebra problems. There was
a mixture of them. We would take up certain topiks ... | don’t know ... ... | can’t think of—.

10 see footnote 9.
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...... Well, for example, we would do all of a setppbblems dealing with Pascal’s triangle. We
would begin to look at some of the different patter...

We would start out perhaps with, with ... generatiPascal’s triangle as a number of zigzag
paths. | remember Pdlya would start with the woBRACADABRA and would show how we
could make a zigzag path. If you wrote ABRACADABRfown as a diamond [see figure
below], you could ask the question “How many wags gou spell ABRACADABRA by going
from top to bottom?” And then he would say, “Welk can have a street grid like Manhattan —
with First Street, Second Street, Third Street, aodorth — and then you would count the
number of the zigzag paths. This is taxicab, tdxigaometry. And [we] would generate Pascal’s
triangle. Then we would start proving. ... We woulzserve certain regularities, like the sum of
the terms in one row of Pascal’s triangle, whathest? And how could we prove that for the
general row of the triangle? And those were thelkiof things that we did.

A
BB
RRR
AAAA
CCccCccC
AAAAAA
DDDDD
AAAA
BBB
RR
A

HG — He mentioned his bodlow to Solve Itin the seminar? He used the book?

JK — Yes, he used that book. ... He didn’t use & @aext[book]. ... In fact, | don’t remember if
we had that book. But he would talk about, he waal# about ... “Okay, now we need to
develop a plan.” He would always begin by sayirlyhat are we given? What are we to find?”
... Always he used this metaphor — which is illusttchbn the inside cover of the original first
edition ofMathematical Discovery— of building a bridge: “Here is where you are. éles where
you are trying to go. Whether it is a problem todfior a problem to prove, you agéven
something, [and] you warget somewhere. You actually can work both ways. Sametiyou
can work backwards; sometimes you work forward. Wmle idea, though, is to develop a
connection to go from here to there. POlya saysesdmre that the metaphor of building a bridge
is something that came to him, is part of what camé&im when he had trouble explaining
something to this boy when he was in Zutich

HG — He mentioned that in your [1978] intervigw

11 The first chapter of the"2volume ofMathematical Discoverpegins with a section entitled “Metaphors”. Insthi
section, Pdlya recalls the mentioned episode witloyahe is preparing for an examination, and sdy&covering
the solution is finding aonnectiorbetween formerly separated things (the things we laad the thins we want, the
data and the unknown, the hypothesis and the csiodlu [...] We sometimes see the connection undegthise of
abridge a great discovery strikes us as a bridging ovdeep chasm between two widely separated thingdy4P
1965, p. 2).

2 |n April 1978, Jeremy Kilpatrick interviewed Geerd?6lya about his views on mathematical abilitieisis
interview, unpublished since then, has been regcaeqpeared in a Portuguese translation (“Pélya eapacidades
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JK — When he was in graduate school — he talkedtabat a bit in the interview | had with him
— [he said] that this boy had not understood, aélyPgone home and realized that he hadn’t
explained [it] well. And he worked out this way thfinking about problems because he didn’t
want to get in that situation ever again — of neinly able to ... to explain how you go from
what you are given to what want to prove or to find

And he always asked that question. He would giva psoblem and would say “What are we
given?”, “What is that we’re given?”, “And what ane looking for?”, “And how do you get that
kind of thing?”. He would ask those general questiantil we all understood this approach to
problem solving: Lay out a plan, carry out the planAlwayscheck, checking over after you
have a solution. Ask yourself, you know, “Does tmske sense?”, “Can | find this another
way?”, “What can | learn from this kind of problef?ll of the things he had written iHow to
Solve Ithe would bring out in his lectures.

HG —You mentioned a few minutes ago that Alan $ébloein some way pointed that the
approach of Pdlya is too gener@K — Yes) But Pdlya would say “I like that,” [that those]
guestions should be general.

JK — Yes, yes. You see, Schoenfeld was much meeessted, much more oriented to cognitive
psychology, and | think that Schoenfeld thoughtt ty@u needed to turn these heuristics into
more teachable kinds of things. They are verydiffito teach, and Pdlya taught them by giving
example after example of how to use them. But,elommple, Schoenfeld says, “Well, okay,
Pdlya says think of a simpler problem — that istyhdifferent heuristics, you know. That is not
one heuristic ‘Think of a simpler problem’. Thereeaa lot of ways to think of a simpler
problem.”. But | have to say, ‘Think of a simpleroplem’ is very good advice, “if you can't
solve the problem in front of you, can you simplifyn some way [so] that you can solve it?". |
find that so, so... helpful, you know. | don’t undersd why Schoenfeld would criticize it. But he
did, and he felt that, ... basically he felt, | thirtkat Polya’s heuristics were not teachable. |
would say that they are difficult to teach, andidifit to learn, but | saw Polya teaching them in
the seminar we had with him and in the other caufsaw him teach.

| not only saw him teach number theory, | also $émw teach the so-called freshmen seminars,
which were courses for small groups of freshmard frat was very interesting to me, too. That
was later in my career at Stanford. Because ... ddliin the same part [of Palo Alto], near
campus, as Pdlya, and | used to give him a ridayircar. The seminars were in the evening, and
it was too dark to walk back. So | would give himide back to his home. And so he gave [me] a
wonderful opportunity. After he had taught [a class it was interesting to me, [and] that’s
another feature of Polya’s teaching — he would ger dt in his mind and think about questions
that he could have asked [and] things that studeadstrouble with. He would replay — I've
written about this too because this was astonistongie. Polya had no doubt taught the same
thing for fifty years or more, and if anybody kné&aw to do it, it was Polya. But still, after every
lesson, he would replay the lesson taught throuigh me: Tell me what he thought had gone
well; tell me what he thought it not gone so vesiiwtalk about how he would do it differently if
he was going to teach it again. ... He was reallyysical about his teaching. He really would
replay his teaching and would think very hard ahoutlf | was going to teach this lesson again
what | would do differently.” He was doing that pgibecause he knew | was interested in what

matematicas”), published in the Portuguese Mathiemaeachers Association research jour@aladrantevol XVII
(2), 103-120, issued in May 2011. An abridged wmrsh English is about to appearTihe Mathematics Educator
journal (Department of Mathematics and Science EducatitimeatUniversity of Georgia).
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he was doing. And that is part of why he did ituymow, it was a conversation that he and | had.
But | thought it was really interesting.

HG — Let me highlight some aspects of what you aaddit the way you see Pdlya as a teacher.
You mentioned that he always went at the paceeo$ltiwest [in the class] (JK — That'’s right);
[that] he[used to] look back to his own teachind<(3— That’s right), and could rewind, could
recall (JK — Yes), and reflect on his on teachiagd that he was very able to ask good
guestions (JK — Yes), and to pretend, to act [leftme students]... (JK — Acting,
demonstrating...). These are four dimensions indasting...

JK — And another dimension — which | did not segt, lbcould tell was the case — [was] that |
am sure that he prepared his lessons, his lectweeg,carefully. | didn’t see him prepare, but |
could tell when he came in [that] he knew exacthatvhe wanted to do. He had everything in his
mind. He had worked out all of the problems. Hevkrim®w he wanted to present it. So he was
prepared. And [although] ... | didn’t see him prepdrdid see him rehearse, rewind. | saw the
rewinding, but | never saw the preparation. Exdkgt | was in the class, and | could tell that he
had thought about all of these problems and thetores that would come up.

One of the interesting things would be to watch hagnout things on the board. If you have ever
seen the [TIMSS] videos of Japanese teachers...iF kiery striking, | think, the way a Japanese
teacher lays out the lesson on the board. By theoéthe lesson, everything is on the board. An
American teacher just goes and erases and putgtgsaméelse]. ... Polya always had that clear
display. So he never erased things that you wétéostking at. He had it organized. ... So you
had the feeling that just like the Japanese teaéliya knew that he was going place this in this
particular way, and the whole lesson—. Well, some# he would have to erase, of course. But
before he erased, he would always ask if everybodyit was okay to erase. But he was always
very careful about laying out [the mathematicstlom board in such a way that you could see the
development of the ideas. Not many teachers inkl& do that. ... When | saw the Japanese
teachers, | said, “They are doing what Pdlya does.”

HG — In [Polya’s] heuristics—the so-called four ®es in solving a problem—there are people
saying that it is somewhat hierarchical, sequentiad sequential. What do you think about this?

JK — No, they are not meant to be sequential.nkttiat is a distortion of what he said. And the
way he used those phases, he would talk about rowauld go from one phase another but not
necessarily in that sequence. You might start oagrgut your plan and decide that you have to
go back (HG — To understanding). Yeah, “What amver?”... So he illustrated in his own
problem solving, going back and forth, from oneg#hto another. And he never treated those as
a sequence that you march through.

It is natural [to treat it as sequential]. He hagbut it in some order in order to put it in theoko
But he is very careful. He doesn'’t talk about stagelevels. They arphasesand in any phase
you can go in and out of one phase, you [can] gk l@m one phase to another. They were
never meant to be sequential.

HG — Another criticism... problem posing [in Polya]underestimated?

JK — 1 think that this is probably true. Other ploworked with issues on problem posing. |
think Pdlya did not ... ... did not emphasize problemsipg in the general sense. | think what he
did do a lot was to talk about how by taking onebtem you could transform it into another
problem, or how you could create a problem that wagneralization, or a special case or—.
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Having solved a problem, you could ask yourself,h&is another problem that is related to
this?”. So, generating one problem from anotherdlte all the time. But just generating a
problem out of nowhere, he did not ... he did notld.

HG —That is “looking back”...

JK — Yes. | find that looking back—. First of dllfound when | was teaching that looking back
was the hardest thing to get children to do. And the phase that people, | think, tend to avoid
because we’ve solved the problem, so why shouldtbwle back? It is too difficult to look back.
But Pdlya always spentlat of timeon looking back, and he did all kinds of intenegti.. he had
interesting ways of checking — “Is this a reasoaadhswer?” — he had interesting ways of
saying, “How can | change this problem, and how ledlne answer change?”. He had ... he had
many things to say about looking back because he eemcerned that you should learn
something from having solved this [complicated peotj. You spent a lot of time on solving this
problem. You should learn something from that. Almelonly way to do it is to look back and see
what you did, and say “Could I ... could | use tmmssome other way? Could | ... could | change
this idea a little bit and get a slightly differgmtoblem and solve that?”, and that is something
that most people don’t do.

HG —What other [kind of] work you did with Polya?

JK — Well, | mentioned the freshmen seminars; | toaed taking the number theory course. ...
| think that there was one thing that he did — &ad written about this, too — there was one
thing he did at the end of his seminar in the gprimhen the weather was good. We would go
outside, and we would sit in the Stanford ... Grdedater, actually. It is a kind of Greek theater,
[an] open theater. And we would get into group$oof, usually four people. And he would give
us problems of different types. Usually each pergoina different kind of problem. It might be
[that] one problem was number theory, and anotheblepm was geometry, whatever. ... The
idea was [that] our first ... our first assignmentsvgalve the problem. And then we were to take
turns teaching the problem to the other three mewpthe group. And to ... essentially to follow
the way with it [that] P6lya would introduce a pleim, you know. You needed to say what the
problem was, but you didn’t want to give it awaytBou might have to give some careful hints.
If people were struggling with the problem, you gaome hints to solve it. And, and ... but the
group then would work on the problem, and aftertfieished one problem then they would
move to the others. So, it was an exercise, it aasctivity in teaching three other people to
solve a problem, how to do it. And to see how tbame up [with a solution] because sometimes
they would get a solution that was different frdre bne that you did your way.

HG — [What was] Pdlya’s role ... What was he doing... ?

JK — What was he doing? Well, he was mostly judthiag. We were sitting in groups around
the Greek theater, and at that point he was jusémwing us. He was just observing us. | think
that this came from his own experience in Switzetlahen he taught there in Zurich. And they
would do some teacher education, and this wasyparthis way of training teachers to present
problems to other people. How to present a probtesuch a way that you don't give away the
solution, but if people are struggling, you tryfitmd a way to help them, some suggestion [about
their] work. Inside questions.

HG - Inside questions, again the questioning (JXes). Non-obtrusive questions...
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JK — Yes, non-obtrusive questions. If people aragsfling, you try to ask the question that
would take them one step further but that doesuaé& gverything away. It is an art because if you
ask the wrong question or if you give the wrong hiimen there is nothing left to do. So you have
to think very carefully how you... how you make a gestion. You try a way for them to do it
first...

HG — If you give too much...

JK — Yeah, you ruin the problem.

[..]

HG — You mentioned that when you folshalv To Solve It,you were not [yet] thinking about
teaching, but mainly about the learning (JK — Tésrhing problem [solving], yeah, | think so),
about the learning of how to do mathematics. Canaad something else about how did Pélya’s
ideas, or what you came to know from Pdlya, matalr ynterest concerning mathematics and
doing mathematics.

JK — Well, I can’t really remember the lecturesttha gave when he was... when | visited the
class... ... at Berkeley. So, | think actually it prbyawasn’t until | was at Stanford and was
taking a class from him, a regular class [...] thatdrted to think... And | had already being
teaching at that point, so... | really didn’t thinkl was interested in problem solving, but | have
to say that when | was teaching... in Berkeley, | was thinking about the kinds of problems
that Polya was using iHow To Solve lor in his teaching. | was thinking more about tivedk of
problems that were in our textbooks, the textbarksy students were using, which were mostly
very routine word problems, and | was interestetdaw they learned to solve those problems, in
trying to help them solve those problems, but llydaad a very narrow view of what problems
were, even though | had seen more interesting enoblwhen | took the examination in school,
more interesting problems were in the Stanford erattics exam. Even though | had seen those,
I hadn’t think about teaching those to my studeats] my master’s thesis at Berkeley, for my
master’s of education, was about what makes prabldifficult, what makes routine word
problems difficult. It was not about the kinds ofaresting problems, non routine problems that
Pdlya presented.

So | think... | really didn't appreciate Pdlya’s appch to teaching problem solving until |
watched him teaching and then | understood bettew mportant was to choose more
complicated problems, problems that were not—. Wbed problems in the text books that | was
teaching from were... simply opportunities to pragtic writing an equation and solving an
equation, they were very straightforward algebradymoblems [...]. Students had trouble with
that but | didn’t realize that those were not... Té@soblems are giving you practice in a very
low level kind of problem solving, because there @t also solved more or less in the same way,
and watch you solve one of them you can see haelte all of them, more or less.

So, the idea that you would take a problem thabrmapletely unfamiliar to you and try to solve
that was not something | did in my teaching wheéaulght. But when | sat in the class that Pélya
gave then | saw how a more interesting problem ccaeklly change you to think about
mathematics in a different way. So... | think | rgdilad a very narrow view of problem solving
before | took the class from Pélya. But the wayyBdhught, the way he carefully choose the
problems, set them up, help us solve them... pretgnitie didn’t know the solution, trying to get
us to help him — “What do we do now, how can wevedhis?”, “What were we given, what
were we trying to find, how do we get this kindtbing?” — asking all of the questions that he
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puts it inHow To Solve Itl Think that it was completely new to me, nothingmy teaching
experience, or in my experience as a student helfia really opened my eyes to that, and so
that was a big important change in how | thouglttualbeaching and learning mathematics.

HG — You are talking about the academic year?
JK —Yes, it was an academic year institute it wesrh September to June, I think.
HG — And that was the first time you saw Polyah@ac

JK — It was the first time | saw him teach a class) said, | think that | saw maybe two lectures
or three at Berkeley, but those were guest lecturegas just—. May be it was only one | can't
even remember what the topic was, but | know heavgigest in somebody’s else class.

[-.]
HG — Do you want to highlight anything else abdeblya’s] teaching?

JK — Well, | roughly spoken considerably aboutiits the rate at he worked, the careful
preparation, the reflection... ... It's hard... it's haoddescribe in any other way. He used a lot of
humor... There is some humor in what is written ig Ihboks, but there was even more humor, |
think, in his teaching. He would tell stories, dmel had a lot of humorous expressions. | don'’t
know if you've seen his filniet us teach guessitig

HG — I saw a film [of him] at Budapest...

JK — It is the partition of space (HG — Yes, yeSkay, then it is the same film, and it has a
little bit the sense of his teaching is like. | v&a tribute to him in a journal of research in
mathematics educatidfi,and | talked abouhow that film failed to capture his teaching
because... he was basically in a studio. | think las.w It could be in a classroom at UCLA
[University of California, Los Angeles]. It was lros Angeles, | know that, but the people in the
class, | think, were college students. But he ditnow them; they were not acquainted with
him, and his accent was always a little bit handdome people to understand. So | think there
was a communication problem. You could see it @ film a little bit... It wasn’t a realistic
snapshot of his teaching, because... they didn’t keagh other. And | think that one of the
things that was so great about him was how heaykhow his students and could speak to them.
He could tell jokes, and do things like that ineayvopen and friendly way. It doesn’t really come
across in that film, because it was a little biifiaral; he has a microphone on him and... the
students are not typical.

HG — When you become his assistant, what did gperéeence add to your view of Pdlya?

JK — Well, it gave me... The first time I've observeon | was a student in the class, so the
second the time [was] when he taught the acadersiitlite again [...]. But then | assisted Pdélya,
so | could watch many of the same lectures, thdtdwegiven before being given again, and see

13 The film Let Us Teach Guessir{d966) was produced by the Mathematical AssociatibAmerica and presents
George Pdlya teaching a lesson using a partitispate problem. It was presented in 1968 in the&édhnal Film
Library Association’s Annual Film Festival, wherewas distinguished with th&op HonorBlue Ribbonin the
category of Mathematics and Physics. The film igilable from the Mathematical Association of Ameria video
format.

14 Kilpatrick, 1985, shortly after the death of Ge®Rglya.
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how he adjusted his presentation to the studeatg,he would... If they asked a question how he
responded. He was not bothered by a question, @métsnes questions took him in a slightly
different way, and that was fine. He knew wherewas going; he knew that he had time to
respond to questions. So | learned to better afgtecbow interactive he was with the students,
and if the students were confused, then he woolt down and sometimes go back and explain
again something. If the students asked questiaaisinidicated that they didn’'t understand what
he was saying, then he would explain some more.h8oyas very sensitive to whether the
students were following his discussion, and asy) gaa student brought up a question that took
the discussion in a different direction, he wouddig that direction, for a while at least, until he
thought that was far enough, and then he wouldyltiback. So, | saw that he didn’t teach this
class the same lesson that he taught my clasasliawesson that was constructed differently and
followed a different path, but attempted some efshme things.

HG — How long had you been his assistant?

JK — That’s a good question, | don’t remember, d@sveither one or two years. And then, let’s
see... | was in the academic year institute in sixty..sixty and... sixty-one; [in] sixty-one and
sixty-two, | was his assistant, and there was...n'dioave that count very well in my mind. He
took a half a year off, and that's when tlathematical Methods in Sciericevas done... and |
assisted in both. And then, for two... | know | agsishim for two years in the freshman
seminars; those must be in sixty-four, sixty-figemething like that, | can’t remember exactly. |
know that there were two sets of freshmen semimad,| think that it were two sets of academic
years institutes, but maybe it was only a yearahdlf academic year institute, I'm not sure.

HG — You mentioned the Mathematical Methods inn8eiel found, | don’'t know where, that this
book was first written for SM...

JK — Yes, it was published first by the SMSG [Sdhdathematics Study Group] and then later
it was incorporated into the MAA [Mathematical Asgtdion of America] series, so it exists in
two version&’.

HG — How do you deal with this... SMSG is very reléasethe New Math, Pdlya...

JK — Pdlya... Polya is related to the New Math, toat, in a different way. He did not... he was
very critical of SMSG on the one hand, but on thleeo hand, Ed Begle, who was also at
Stanford, was very fond of Pdlya. Polya was critmaSMSG, but Ed Begle appreciated Pdlya,
and Pdlya did some work on one of the New Mathemtsj not the SMSG, but [on] one | think it
was called the Greater Cleveland Mathematics Propmnd he was a consultant of that or
something like that. But Polya didn't like the faality and abstractness of SMSG. However,
Begle had a lot of money because of the textboaks, he had a number of series that he
produced of materials for teachers. [...] POlya’s beoams in the SMSG series, but it was so
popular [that] they decided to put it in the MAArigs. But the point is, Polya didn’t had a
problem with having SMSG produce his book becaus@s a way to get the book produced at a
very inexpensive cost. They had people who wouldh#d... who would type up the material

15 polya, 1963. This book was published by the SM@B, Leon Bowden), as vol. X! of the Studies in Manatics
series. It was later published by the Mathematissociation of America, vol. 26 of the New Matheiwoalt Library
series (Polya, 1977).
16 See footnote 15.
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from the lesson notes that [Leon] Bowden put togethl don’t know how different the two are,
| have never looked at, | have both versions butthel are basically the same. ... ... Butitis a
little bit curious.

HG — When | found this, | became a little bit trmab..

JK — Oh, no, there are... The SMSG series had Ruasidmors, it had... various mathematicians
writing books for teachers, there were problem Ispakere were all kinds of books that were
produced, and that was all done as a kind of setaiceachers.

HG — Using one phrase [can you say] what had yat learned from Pdélya?

JK — Oh... The thing is... For me he was such a gemterand such a human... such a
wonderful human person. | think | learned how yceita treat other people because he... he was
so kind to me, and when | visited him with my wéed my children, he was so wonderful to us,
he was so openhearted. And, despite all of thewarihings that did happened to him in his life,
he was always so positive. So positive, so futhafor, such a gentleman, so kind, so nice. And
he taught me how | should treat my students.

HG — Let me quote you and listen to your reply.€&@rteachers do not simply teach us to do,
they teach us to b&.

JK — That’s exactly right. And | meant that whesald it. | learned more about being a person
from him; he was a tremendous... | never had a teaghe was as influential on my way of
thinking about teaching and being a human being Biélya.

HG — And | also find that you, talking about teahisaid], ‘We have the better of it — we knew
him™®. It's kind of very strong...

JK — It's very difficult to explain to anybody elsanybody who didn’'t know him, what a
wonderful person he really was, really a fine persm kind, always patient. | always remember
him telling me... | used to go to his house; he lioedy a few blocks away from me, not very
far, just a few blocks away. And so | would visitnhvery often, and he was always open to my
coming. And | remember once that | was complairgfgut something was not going well,
maybe it was on my dissertation, | don’t know, bet.. he essentially gave me a lecture and told
me not to feel sorry for myself, that | should @omplain, | should be more positive. | always
remember that.

HG - Well, talking about mathematics. How would yowaracterize Polya’s view of
mathematics?

JK— Hmm...
HG — What most distinguished?...

JK — Most distinguishing was his great effort... ta...... try to understand how it came about.
What he says in the interview with fl@bout how Ernest Maéhhad this idea that you could...

17 see footnote 15.
18 See footnote 14.
19 Kilpatrick, 1987, p. 300.
20 5ee footnote 12.
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[that] you learn mechanics or physics best by feiig the path that the people took to created it.
And Polya always put a lot of that into his... inteetmath—. He always went back to first
principles and tried to find out “How did peoplartk about this?” So, that helped him to make
his own progress in mathematics because he woylt\Vgall, how did we come up with this?”,
and tried to develop principles. That's wkow To Solve liand Mathematical Method$in
Sciencg all these books are trying essentially to putoimvords his philosophy of doing
mathematics, not just of teaching, but of doinghmeatatics, to try to find out what are the basic
principles and how do we get from here to someepkdse. He tells a story about ‘up-monkeys’
and ‘down-monkeys’ and says that he was a ‘downkagn which means that he would start
with a particular case and try to say “How cannealize this, how can | understand a particular
case and then go beyond the particular to the gB&ieAnd that is the way he would approach
problems. If he ran across a problem, he would starplifying it and taking a simpler problem
and asking, “If | solve this particular case, wbah that tell me about the general case?” And that
led him to a lot of discoveries in various partsneithematics. He was very eclectic, he did a
lot... mathematics in a lot of different fields, the was always, | think, driven by “Let me start
with the problem, let me take a simple case, letumderstand the simple case, and them | can
maybe move up to something more general.” And We his approach to mathematics, and to
some degree his approach to teaching, too.

HG — Okay. And concerning mathematics teaching, wesuld you describe his major
contribution?

JK — 1 think it is giving us the [idea of]... reviwnthe study of heuristics, so that, by studying
heuristics, teachers can be introducing heurigtxggicitly into their teaching of problem solving.
Without Pdlya... Of course, the four phases are itgody of course, the ideastiow To Solve It
are important. But the basic idea is the one ofigcs... In order to solve a problem you need
to think ‘How can | do this?”, “What's a rule thatcould try to use here?”, “What's an
approach?...”. It may not work. Maybe working back#&gamould help in this case; maybe a
simpler problem would help in this case. He gava & of specific, maybe general, ideas about
how to approach problems, ideas that can be braanghthe classroom and that we can use to
help children solve problems. So, | think that'saivhe really did: transform the way in which we
approach problems. In a way, it's the same thig blappened to me when | went from being a
teacher to be a student in Pdlya’s class. | sawlgno solving in a different way, and | think
that's what Polya did for teachers.
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