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ABSTRACT

We designed a set of activities on one real vagidlhctions, based on various semiotic registenepfesentation
(Duval, 2000), expecting to answer the followingearch question: “Can the individual concept imégal &
Vinner, 1981) of function be enriched by the usevafious functions and their associate ones, usargal texts,
algebraic laws and graphs?”. Seven in-service Matlies teachers from Brazil carried out these ausji during
six two and a half hours sessions. In this paperfogused on protocols and observers’ written noteme teacher
from the group, which were analysed in the lighthef theoretical framework of The Three Worlds cdthematics
(Tall, 2004a, 2004b). We found that this teachet, irahis concept image, notions related with dimt and second-
degree polynomial functions, and used mostly thdagied world to justify his answers. The activitiesemed
useful for him to broaden his concept image.

Key-words Registers, function, concept image, embodimentpsjism, formalism.

RESUMO

Elaboramos um conjunto de atividades sobre fund@asma variavel real, baseadas em varios regisenmgticos
de representacdo (Duval, 2000), esperando respa@deguinte questdo de pesquisa: "A imagem de itonce
individual (Tall & Vinner, 1981) de funcdo pode samriquecida por meio do uso de varias funcbes suds
associadas, usando textos verbais, leis algélmiga&ficos?". Sete professores brasileiros de Matteantrabalharam
com essas atividades, durante seis sessfes dhataase meia cada uma. Neste artigo, focamo-nopmotiscolos e
nas anotacdes feitas por observadores do trabalbmdgrofessor desse grupo, que foram analisalizsdd quadro
tedrico dos Trés Mundos da Matematica (Tall, 20@884b). Resultados mostram que este professor, &mhaua
imagem de conceito, nogdes relacionadas apenasucmies polinomiais de primeiro e segundo grauseeuwsou
predominantemente caracteristicas do mundo coiqadd para justificar suas respostas. As atividades
pareceram Uteis para que esse professor ampligsseimagem de conceito.

Palavras-chave: registros, funcdo, imagem de canaairporificado, simbélico, formal

Introduction

For several years, we worked, in weekly sessiont) seven Brazilian public schools mathematics teegh
discussing pedagogical and mathematical aspeatsropulsory school contents. In order to providesdggogical
tool that could help their students to cope witfiicilties in algebraic methods to solve inequasi@s reported by
many studies (for instance, De Souza & Campos, 2088mir & Bazzini, 2004), the group agreed to discas
functional graphic approach, meaning to represaci side of the inequation as a function, to fietrtgraphs in the
same coordinate system in order to compare themrdiog to the sign of the inequation, and to file final

solution.

To present this approach, we started a discusiontaeal functions and their graphs, and thosehtera expressed
some of their ideas about the subject. Utterantésuo of them, in particular, caught our attention

“l am scared to death of graphs!” (teacher T1).

“When | start the subject ‘function’, | bring toeltlassroom the naval battle game” (teacher T2).

“l can only understand the graph if the horizonliable is t [meaning the time] if it's not, | caot ...”
(teacher T3).

“| always use a table of values, with x in one catuand y in the other.” (teacher T4).

Teacher T1's comment suggests that he does natsdiggaphs in his classroom and, if he does, ihtig “painful”
for him. To change this situation, and in ordedéal with the functional graphic approach, he needsgve aetter
understanding of graphs
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Teachers T2 and T4's utterances show emphasispairdg-to-point graph plot which may bring difficids for
students to grasp graphic ideas of function (Dul@83) and is inefficient for graph visualizatidbuyval, 1999) and
consequently to graphically solve inequations. His tway, they need tenlarge their repertoire of graphs of
functions and learn to visualise the graph as a whole, Usscgraphs are more general than functions’ algebra
expressions, in the sense that there are graplthwahé functions but do not have an algebraic aswa related to

it. In addition, we live in a world of images, ghap calculators and computers. With them, graphicelges are
spread out.

Considering Brazilian textbooks, the independentaidei is almost always representedkb$o, we can suppose that
Teacher T3 struggles in his work with graphs ofcfions in the classroom. We understand that T3 sé¢ed
generalise the idea of variablSierpinska, 1992, obstacle #16, p.55) for bothwlork with graphs and functional
graphic approach for inequations.

All these teachers’ difficulties with graphs pomit to a need to discuss a global interpretatidarotions’ graphs in
opposition to a point to point one before discuggime functional graphic approach. We understaadl to grasp
important characteristics of a function, an indiadf specially a teacher, has to knawvat contributions graph and
algebraic expression give to each other and rethése two ways of seen functions

In this way, we looked for answers to the followirggearch questiofiCan the individual concept imag@all &
Vinner, 1981) of functiorbe enriched by the use of various functions amd thssociate ones, using verbal texts,
algebraic laws and graphs?”

By enriching the individual concept image in th@sxt of functions, to our research study, we nmtegsropitiate a
better understanding of grapht® enlarge the repertoire of graphs of functiasfsthe subjects of our study, telp
them visualising the graph as a whaledgeneralising the idea of variable

In order to do so, we designed a set of activiti@sed in algebraic, graphical and natural langsagsotic registers
of representation (Duval, 1995, 2000), composedumsstions in verbal text to propitiate connectibesveen those
registers, and to provoke teachers to find outalmmtributions and make those relations. Whetirsggthe analysis
of the protocols, we found many characteristicembodied world in these teachers work and thisvatgd us to
analyse data using the theoretical framework of Theee Worlds of Mathematics (Tall, 2004a), lookifay
characteristics of embodied, symbolic and formatle®in these teachers’ concept image (Tall & Vind®981) of
function. We used this theoretical framework beeaw® believe that using characteristics of only ohehese
worlds is not enough to make connections betweaplgr and algebraic expressions. More than thiategsential to
use characteristics of all three worlds.

A theoretical framework

Based on three different kinds of concepts in Mattes, Tall (2004a, 2004b) proposed a categorisatib
mathematical cognitive development into three dififé but interacting ways of thinking, which leadl three
different worlds of Mathematics:

A conceptual-embodied world of perceptions, in wahiiedividuals make sense of properties of objegtsiiserving
and verbalizing them through descriptions and gatipon them.

A proceptual-symbolic world, in which mathematioahtities are symbolized and the actions performed a
procedures can be flexibly seen either as proaeas concept. This flexibility is defined as a ppt(an amalgam of
process and concept) by Gray & Tall (1994) andds eelated to the ability of understanding thdfedent procepts
give the same effect (Watson, 2002). Hence an iidid@f can choose which procept is more suitablafsituation.

A formal-axiomatic world, in which mathematical wstture is deduced from axioms, definitions and tees by
formal proof.

In this research study, we are implicitly usingoaeept of function, but not in an axiomatic way,iethis not usual
in the secondary school level. Hence, we do noeebdqe formal world to manifest itself in its whobut we search
for formal characteristics present in the studih@d concept and in the teachers work.

As Tall (2004), we believe that an individual hasr¢late characteristics from all those worlds ideo to have a
broad concept image of a concept, which is defased

“... the total cognitive structure that is associatéth the concept, which includes all the mentakyies
and associated properties and processes. It is lquilover the years through experiences of all kind
changing as the individual meets new stimuli antunes.” (Tall & Vinner, 1981, p. 152)

And all learning experiences of an individual arearporated to his or her concept image.

In order to analyse teachers’ protocols usingtthésretical framework, it is important to make cléa relation with
each kind of register we used and the conceptruftion.
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Functions’ semiotic registers of representation anthe three worlds of mathematics

To develop our set of activities, we used algebgiaphical and natural language semiotic regisierepresentation
of functions, and we believe they allow differerdnoections between characteristics of the Threeld&/oof
Mathematics. We explain ourselves.

Algebraic registers: we believe it mainly emphasise characteristicshefsymbolic world because it is formed by
mathematical symbols and it is possible to solvenaquation, for instance, merely by manipulatingr.

For examplef(x} = (x — 2)3 is part of the symbolic world. An individual hasunderstand this symbolism as a
whole and also each of its components in orderdoipulate it and use the best procept for the titaat hand. For

instance, the individual should understand thah eaaiuef(x} is the dependent variable and is the result of the
operations performed over x; especially in whictiesrthese operations have been performed. Algojritportant to

know how to get another algebraic law with the safifiect, such af(x) = x* —6x2 + 12x — 8.

Although this algebraic register of representat®opart of the symbolic world, it can also haverdsts in the other

worlds. When a function is seen as a “machine”,itipeit x is transformed in the output f(x} by means of the
operations dictated by the machine and this idegigees an embodied way of dealing with the algeblaiv of f. A

function law can also be part of the embodied waevlten an individual uses a calculator to find dw order in
which its operations are performed.

The formal world is present when the individual ersfands tha}"(x} represents a function f with independent
variable x, and f(x) is different from f, meanirtgat the “output” (f(x)) is the result of applying algebraic law (f) to
a value of x.

Graphic registers: it is possible to relate them to embodied and &ramaracteristics. Formal, because the graph
needs to be defined and understood according to malor rules, such as

graph(f} ={{a,b)ac D(f} and b = f(a}}. Embodied, because we can use it as a way either t
describe or to observe a function.

We believe all these characteristics are needeatder to transform an algebraic register into ghi@ register.
Specially the fact that

flx) =(x—2)% and fix) = x* —6x% + 12x — 8 are two procepts that give the same effect, bat th
former is much more useful to have a global anthimaneous visualization of the graph, when dealiity paper

and pencil and takin@(x] = x? as the reference function. The graph itself iearbodied representation, from
which it is possible to get an idea of how the fimtbehaves and how the shape of the graph iseinnterval that
can be seen, for instance, in the computer screen.

However, the plotting of a graph is fundamentakgéd on the formal world because it is necessafglitiw some
formal conventions, such as taking two perpendicalas (for functions with one real variable), repenting the
independent variable on the horizontal axis anddéendent one, on the vertical axis. A point &n@artesian plane

is found by predetermined formal laws, and the lyiiaghe set of points described fwj f(x}}

In addition, if a graph of a function Iikﬁ(x} = (x - 2}3 is plotted based on the graph of its referencetfan

g(x} = x3, its behaviour is defined by the one of g, becabtseaddition of the constant -2 to the independent
variable causes a horizontal translation of twotsutd the right in the graph of g. Such understagdif what
happens to the graph of a function (g) when addingonstant (—2) to the independent variable (xplves
characteristics of the symbolic and the formal werlFormal characteristics, because it is necessarydividual to
realise that there is a composition of two funcsigmf, one is the addition of —2 in the indepertdemiable, and the

other is the function to the third. Bringing it teetsymbolic world, we can writer = x — 2 — (x — 2)3.

Natural language registers:it is used by any individual to express him ordedft and it is useful to help making
connections between any of the worlds. It can bedus express any characteristic of a functionjtba the
embodied, symbolic or formal world, or related tgedraic or graphic registers. We believe that wbenverting
from algebraic to graphic register, or vice-veltsgre is, in between, a conversion to the natarajlage, that is
either mental or verbal, because it is necessamneatally or verbally analyse the registers and pghecess of
converting one into another.

The research

In this paper, we use data from a research stughrdeng semiotic registers of representation incéee of functions,
with a broader intention: to carry on the developtmef the theoretical framework of the Three Worlos
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Mathematics. Before us, Akkog (2007) and Angel200) used this framework as a tool to analyse ddsed to
the concept of function. Akkog (2007) found thagyious experiences with functions in high schoekle are not
enough to help students to deal with sophisticatiegtions regarding functions in different domaiather than real
numbers. Angelini (2010) concluded that 14-15 y&drstudents mainly used characteristics of emfbdierld in
order to solve situations proposed with algebmiaphic and natural language registers.

We believe that analysing our data in another lighy bring a new view of how to treat difficultizsgrasping the
concept of function.

As we said, this research study was part of a resegoup working with seven mathematics teachechers T1,
T2, T3, T4 mentioned above, and three others, B5afd T7). Four of these teachers participatetiisigroup for
five years (T1, T2, T3 and T4), and the otherstfay years by the time our data was collected. $ithem taught
mathematics at high school level for at least fpears (T1 to T6), and the other one was a Chemisagher for
more than four years (T7). Two of the Mathemateachers also used to teach Physics (T3 and T5pfAhem
worked in public schools and only one of them (iF2private school as well. In our research studg,werked with
these teachers a set of activities regarding tihheeqt of function. The whole set of activities waasried out in six
two and a half hours long sessions, in which thersdeachers worked alone or in pairs using theveoé Cabri-
géometre Il. Teachers worked in three groups, areabserver for group accompanied their work, @kintes of
their verbal discussions, doubts and decisiongh@tend of each session, we collected teachersfewrprotocols
and observers’ notes and used them as data tcabesed.

It is important to note that using a computer emvinent and software Cabri-géomeétre Il is not focidoalysis in
this paper. Firstly because the teachers were tosigdsince they have used it in many opportusitering the five
years of their work with us. Secondly, becausé@sé activities, the aim is to work with globaluatization and not
point by point graph plotting. So, the computer wasd to get the graphs more easily and fasterpluting them
by hand, avoiding need for the teachers to loolsfarcific values and to make a table of these.

We had a two and a half hour session once a wetkthése teachers, in a total of six sessions. Tiaked in
groups of two or three members each, with one tsibiserver by the side of each group. Each growdl dise
computer with Cabri-Géometre, and they were giveadivity sheet to work with.

The set of activities is composed by three ones @mtivity for two sessions), with three main airgsraise the use
of graphic registers, its treatment and conversiogtsveen graphic, algebraic and natural languagistess; to
stimulate global visualization of functions grapinsa way in which it is possible to see the relatioetween
independent and dependent variables, and not asn&tp-point approach or a table of values, thatevalready
familiar to many of those teachers; and to broatienteachers’ set of known functions and, consetyetheir
concept image.

We chose these aims by taking into account thagemmeral, in Brazilian Mathematics text-books sk the most
common ones) the emphasis is on exploring algebegjister treatment, on stimulating constructiontaifles of
values (with four or five points) from the algelr@xpression and on presenting linear and quadtatitions only
(De Souza, 2008).

The set of activities was designed in order to easfde three registers of representation: algebgaéphic and
natural language. The algebraic register was chbeeause it is the most usual in Brazilian Mathersatxt-books
in detriment of graphic and natural language regsstthe graphic one, because of those teachdfgutties in
dealing with them, as long as the importance of tegister to help individuals to understand funddi and the
natural language because we believe it is necetsamierpret any kind of register.

In each activity, the teacher used a Cabri-géonietmenu to easily obtain graphs of some “refererfo@ttions and
9 1 —
their “associate” ones. The chosen reference fonstiveref(x) = x2, hlx) = - glx) =x3 plx) =+/x

and n(x) = coslx), m(x) = sin(x), and the associate ones weféx) +k, flx +k), h(x) +k,

hix + k), 1g(l, gllxD), lpCa ], p(xl), In(x)], n(lx]), &k - m(x) andm(k - x). In the activity sheet,
the teacher was asked, in natural language, talptagraphs of the reference function and the &ssognes, using at
least one or two values for the constant k, evéiorral values — in fact, he could have used as nvafiyes as he
wished —, and to present domain, range and poggilfth’'s symmetry of both reference and associatetibns. We

also asked for algebraic expressions of the agsoarees. For instance, Activity 2 is presented iguié 1. For each
item in the activities, teachers were asked toendwn the answers and their explanations of hey tesponded to
the question.

Activity 2
In order to visualise the graph of each functigmero Cabri-Géomeétre Il files sqr.fig, cub.fig, cag.fi
l. plxd = x I glx) =x* . nix) = coslx)

For each function |, Il and III:
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(1) draw on the paper the graph of the functioriteadown its domain and its range;

(2) does the graph have symmetry? If so, which one?

(3) taking the absolute value of the function (ggime new tool in macro-constructions menu):
(@) What are the algebraic expression, domain and rafifjee associate function?
(b) What is the relationship between the domains ofuhetion and the associate one?
(c) What is the relationship between the graphs ofihetion and the associate one?

(d) Does the graph of the associate function have symfhe so, which one?
(4) Taking the absolute value of x (using the new toghacro-constructions menu):
(&) What is the algebraic expression, domain and raftee associate function?
(b) What is the relationship between the domains ofuhetion and the associate one?

(c) What is the relationship between the graphs ofithetion and the associate one?

(d) Does the graph of the associate function have syl so, which one?

Figure 1: Activity 2 of our research study

For this paper, we present results obtained byyaimgl the protocols and observers’ notes from dribase teachers
— Teacher T2 —, a mathematics teacher participatitige research group for at least five years.dese data from
his work to be analysed because he was the mogtskamding member of the group; he worked in bathlip and
private schools; and he provided answers to alalbfie questions proposed in the activities.

We analysed T2's protocols, searching for charities of the Three Worlds of Mathematics (Tall,028) and
observing if and how this teacher interrelated abtristics from all three worlds — embodied, syticband formal
— when answering our questions and performingrireats or conversions requested in the tasks. Wevedhat, if
he could relate those characteristics in the waysuggested above, he would be able to understahavark with
global visualisation of graphs; hence, with funesipso, the teacher would have his concept imamgder and richer
than before.

Data and results

In our analysis of the data, we could find thatewttalculating values fof(x} using specific values for x, T2
behaves consistently with evaluation algebra (Zallhomas, 2001), in which an algebraic express®evaluated
given a value for x. And, in our opinion, evaluatialgebra has characteristics of embodied worldking at T2's

utterances when dealing with Activity 2 fgi{x) = x %
“If | take —1 to the third, it is —1, and its absta value is 1. Then, it will be a parabola.”

it seems that his behaviour is less sophisticdtad evaluation algebra supposes, since, when deaith the graph
of the associate functioly(:x.‘}| = |§(.'EI |, he uses two points on the graph to decide wimat &f function it is.

So, he realises that (-1, 1) and (1, 1) belondnéograph of g and looking at the curve of the grdgghsays it is a
parabola. In our analysis, it seems that he is Ijmaipnsidering the shape of the graph, an embachedacteristic, to
describe what he sees, disregarding the formasgmtbolic characteristics of the algebraic law.

Later on, in a task involving the functien{x) = cos(x), he realizes that this function’s graph also hasves”
and he knows it is not a parabola because of hEgiquis experiences with trigonometric functionsaitechnical
course. He goes back to the task involving the tfanc

|g(:x}| = |x 3|, and realises that the graph of g could not barahwla just because it is curved as a parabola. At
this moment, he says

“When | saw the graph [of function n], | said it sva second degree function. If I'm not seeing the
function, then | cannot say that the degree is ttvoould be a cubic one”.

In this utterance, he is referring to the algebfaio as “the function”, showing that he may be csirig the
algebraic law (symbolic world) with the concepelfgformal world). Also, it seems that he realighdt using solely
the graph of a function (embodied world) to analtise function itself may deceive who is interprgtih and the
algebraic law has to be analysed as well. In tkisrgle, the graph, as an embodiment, was takeneasfahe ways
he used to validate his conclusions. When he utatets that it is important to compare both algebaaid graphic
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registers, he also reinforces our opinion thataher has to explore different worlds in order topjitiate a broaden
understanding of function to his/her students.

1 1 1 1
In another task, regarding the grapmfﬂ:] + - = ;-I— —, having at hand the graph b{x} = = T2 did not use

his experience with the associate functiﬁﬁx} 42 =x%4 2, in which he saw the vertical translation of a
1 1 2+x

function’s graph when adding a constant to the déeet variable. He addexd-l- -, resulting inz— , probably in

2 X

an attempt to get a more familiar expression. Whemeached it, he, again, thought of giving valiees, but he
changed his mind realising that treating the e>gioesdid not help him in plotting the graph. Andgaéd

“no, let’s think of the previous task: when we aidthe graph] goes up”

and makes an embodied gesture to show that heséelibe branches would move apart, in opposite wWalfewing
the quadrants bisector.

1 1 2+x
He may have understood that, in this case, ugirlg; instead ofz— is better to plot the graph. In our opinion,
&= X

this shows that using two or more procepts that ¢ie same effect, is important in mathematicssotesns because
it helps the subjects to decide which one is mseful for the situation at hand.

T2's attempt to describe the translation of thepgraf h using an embodied approach was not suctdssfause he
moves his hands in a quadrant bisector directitstead of showing a vertical movement. In this chseembodied
idea was not consistent with formal world. The o$eharacteristics related to the embodied wonidthis case,
helped him to elaborate a first analysis of theplgre was trying to obtain, while his symbolic aggmh of adding
terms was not helpful at all.

In the next task, looking at the graphnfx) = cos(x), T2 says

“If I look to the graph and it cuts once the x-axisas one root, if it cuts twice, it has two t&df it cuts
three times, it has three roots, but | cannot shgtvits degree is because | don't know what happétis
greater values of x".

Still looking at the same graph, he asks the rebear

“If I cut the graph here [showing one part of thagh that cuts the horizontal axis six times], taay its
degree is six?”

These utterances show that he thought n could henaion “with a degree”, meaning a polynomial ftion,

although he never used this expression while iiefgio a function “with degree”. When he saw thagr cutting
the horizontal axis more than twice, he decidedbis an embodiment for a function which was notaigtt line or a
parabola. Therefore, he believes that this grapst ipe related to the algebraic law of a polynorhiaktion, which
is part of the symbolic world. In this case, thiatiens he has made between the two worlds areliedafrom the
formal world, and the lack of understanding guitied to choose the polynomial function as an exgiana

In general, T2 uses the name given to the referéunuetion to the associate one. For example, if riference

function is g(x} = x3, he names the associeltg(x.‘}| as g(x} = |j(.'EI . T2 also experienced difficulties in
writing the algebraic law of some associate fumioFor instance, to add k=2 to the independeritiviar in

flx) = x2, 712 writes f{x + 2) = (x + 2) ? in his protocol. However, as he is not sure abeat he has
done, he continues in his protocol to deal withdlgebraic law. Analysing his work, it is possilidenotice that he

usesx = —2 in the expressiorf(x +2) = (x +2)? and concludes theﬁ({]} = [ In his mind, if this was
true, (0, 0) would belong to the graph of the fiorctbut he knows it does not because he is loo&trtpe graph of

g(x) = (x+ 2)? in the computer screen. In this way, he conclutlest the right expression must be

f(x + 2} = x2 because he uses= —2 in both sides of the expression, obtainjﬁ@]} =4, and he can see
that (0, 4) belongs to the graph he is dealing .wiis work with the algebraic law of the associfatection shows a
lack of interrelation between symbolic and formairlds, since he is using just one point of the grapchoose an
algebraic expression he believes to be correcthig case, only the embodied world is being usedalaate a
characteristic that is part of the symbolic worighparently with no relation to the formal world. Redjng the

formal world, he did not understand that zero i ithage of —2 in functiogg(x) = (x + 2)2, since the taken
value for x is =2, and not zero! Meaning that tbnphe was considering was (-2, 0), and not (OAPparently this
mistake happened because he did not know how &bidigally represent g as an associate functiofh n$ing

characteristics of symbolic world.

Considering this analysis of T2's work, it seemst,thvehen T2 is making any validation for his worle hses
embodied characteristics, even to validate chaiatitss from symbolic and formal worlds, and, atsfj he
associated all functions to affine and quadratirctions only, which could have made it more diffidor him to
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work those activities. This means that his conampige of function had embodied characteristics efeffine and
quadratic functions. However, working with othendtions helped him to broad his repertoire of fiort, as now
he knows some other functions and their behaviatinpugh it seems that he is still using only chemastics from
embodied world.

Conclusions

In this paper, we have analysed the work of teadtZin dealing with algebraic, graphic and natdeaslguage
registers of several functions, in an attempt tsera&haracteristics of embodied, symbolic and férwarlds of
mathematics, and interrelations made by this teabkbveen mathematical worlds and these differegtsters,
aiming to see if his concept image was enrichedebanw by the proposed activities.

In our analysis, we concluded that T2 never searétieany kind of validation in the formal world wh he tried to
answer the questions in which he was asked to iassdwo registers. In fact, he never used anyadtaristic from
formal or symbolic worlds for validation, apart fnogiving a value for x and finding f(x) in order &valuate the
algebraic law.

On the other hand, using characteristics from enggbdvorld has made him realise that the graph of

Ig(x}l = |x3| is not a parabola, and that the shape of the graptbe deceitful. Also the quantity of roots of a
function is not related to its “degree”, meaningtthe realised that not all functions are polyndsnia

In this case, although he has not used charaatsrist formal world, he ended up being aware ofrtegistence

when he perceived that “what you see is not what get”, meaning that what is shown on the screemotsthe

whole function. It is necessary to analyse otheratteristics, for instance the algebraic law, rieo to understand
all properties of a function, being it in any regis

1 1
When trying to work with symbolic world (for exaneplby manipulating + ), he realised that there are situations

in which one procept is better than the other tokwaeith. We perceived that this idea of reducingaaidition of
fractions to the same denominator is a very stfmagedure that is almost coercive for this teachrethis way, we
believe that it was a gain that he understoodribtsalways necessary to do it.

Still regarding characteristics of symbolic worlde wish to emphasise the example in which T2 tidefind the

algebraic expression for the associate funcﬁdiﬁf + 2} when the reference one}f{x} = xZ. As his knowledge
of symbolic world and its associations with formeadrld seems to be lacking, he uses the correctessjon, tries

x = —2, and does not realise that the result is the geit0), instead of (0, 0), which he uses to motlig right
expression to obtai}f(x +2) =x2

Although he had many problems with symbolic anani@rworlds, and even with embodied one, the ugiifferent
kinds of functions, as long as their graphs anclaigic laws, during this set of activities, wasfukéor T2 to
broaden his concept image of function, one of oamnngoals. He now understands that there are &ihds of
functions different from polynomial ones, it is essary to relate graph and algebraic law of a fomcand such
relation made him realise that what is in the cotpscreen is not the function as a whole, whichevadso our
goals. In addition, he understood that a graph witturve may not be a parabola, which is importantim as a
teacher.

Readdressing our research question, we concludédhisaeacher have enriched his concept imagenmesways,
since, after working with the activities of thisearch study, he hasatter understanding of graplasid heenlarged
his own repertoire of graphs of functiortdowever, these activities were not enough forabmplete enrichment of
his concept image, as he still does wisualise graph as a wholend does nogeneralise the idea of variable
Considering this, we say that T2 does not make gtaienjourney through Three Worlds of Mathematigarding
the concept of function.

From the analysis of T2's work with these actigtigre suggest that, in teacher education couts&sould be given
more emphasis to characteristics of the formal dved least when discussing compulsory school Madties
contents. For example, teachers should be able niberstand formal characteristics present in differe
representations of functions, at least algebrais land graphs. Also, these formal characteristiosilsl be related to
embodied and symbolic worlds, so they can all bkeld together, and all this must be done with adn@ange of
functions, not only first and second degrees patyiabones. If characteristics from the three wodds discussed in
only two specific examples such these, we beli¢weli be difficult for the teacher to understanelations among
them in other kinds of functions.

More attention should be given to both graphs dgebaaic laws, discussing the embodied modificatitrat occur
from graphs of reference functions to associates,caed the symbolic manipulation from the law of teference
functions to the associate ones.
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In this paper, we presented results from a sirggelter, but our research study raised similar tefoim the group
of seven mathematics teachers. Even so, we conidethis kind of research needs to be more conemsve,
including more teachers and also students at thdeoérhigh school or at the beginning of univerdityels. An
interesting attempt should be a teacher who inteelifferent mathematical worlds teaching a grotiptudents, in
order to find out whether this would incentive stnts to make such interrelations as well.

Our research study shows an attempt to use theetiiesd framework of the Three Worlds of Mathemsitwith the
idea of concept image. It is one of the few studteslo so. Considering Akkog (2005), Angelini (201Bpnomi
(1999) and Sierpinska (1992) regarding difficultiddearning the concept of function, all of thetats that students
have difficulties in learning functions and in ugiit in a broader context. Apparently, these sttsldid not have an
approach to the study of functions that interralaiéferent worlds of Mathematics. Our researchreeto reveal that
it is by considering such approach that a rich ephdmage of function may be created, in a wayeip Istudents to
have a broad repertoire of functions, not beingfioed to affine and quadratic functions, and to enstand
characteristics of all mathematical worlds, instefjlist the embodied one.
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